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Abstract 

We prove that, for a two-dimensional Riemannian manifold, the Ricci flow is obtained by a Wiener 
process. 

1 Introduction 

A heat equation in IR ra is obtained through a Brownian motion. One has a Wiener measure dW{^) = 
i. e -h E (~/)'j)j on the continuos path space £ x (M. n ,t) starting at 7(0) = x on the time interval [0, i]. So, a 
kernel % solving the heat equation 
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for a given initial condition %($, 0) = u(x) can be written as the Wiener integral 

X(x,t) = if e-^W«(7(t))B 7 . (2) 
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This kind of solutions are known in physics literature as path integrals and describe a physical process 
of random motion of a particle in a fluid undergoing casual scattering by the fluid molecules. Quite 
recently this integral has been generalized to a compact Riemannian manifold by Bar and Pfaffie pQ. 
These authors obtained the following result: 

Theorem 1.1. Let M be an m-dimensional closed Riemannian manifold, let E be a vector bundle 
over M with a metric and a compatible connection V. Let H — iV*V + V be a self-adjoint generalized 
Laplace operator acting on sections in E. Let t > 0. 

Then for any sequence of partitions 1 n = (t™, . . . , t™ ) with |T„| — > and L(T„) — ► t as n — ► oo and 
for any u e C°(M,E) 
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cxp ^--E( 7 ) + ^ gi2(7(*)) ' r(7, V)£ (3 - b) x 
r( 7 , v£< T "> • 1/( 7 ( S )) ■ r( 7 , V)£ (3 - n) ds ] ■ u( 7 (L(T n ))) D 7 
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converges uniformly in x. 
For the above result is 
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Z(7,m) :=n(4^) m/2 - 
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The question we ask in this letter is what is the Brownian motion underlying the Ricci flow. We 
will do this in two dimensions being this the most straightforward result to be obtained. This opens a 
problem on how to generalize this result to higher dimensions. We just note that the Perelman iL-length 
functional 2J plays a crucial role here as, when we look at the Bar and Pfaifle theorem, we can recognize 
this functional in the exponential given by 



for each partition. This result was already obtained in physics by Bryce DeWitt in the context of a 
formulation of Feynman path integrals for a non-Euclidean manifold [3 . 

2 Main Theorem 

We prove the following theorem: 

Theorem 2.1. Given a Riemann manifold (M 2 , g), for a metric starting at g(x,0) = go(x), the Ricci 
flow is given by a Wiener integral. 

Proof. Let us consider Ricci flow in harmonic coordinates, Axi = 0. One has 



being Q a quadratic form in g _1 and dg and so, containing only lower order derivatives of g. For a 
two-dimensional Riemannian manifold one can always find a diffeomorphism such that Q — and the 
Ricci flow is just the heat equation for the metric. Then, applying theorem 1 we can write the solution 
of this equation through a Wiener integral with the measure given by Perelman iL-length functional. □ 

From this theorem we can state the following: 
Corollary 2.1. There exists a Wiener process for the Ricci flow of a two-dimensional Riemannian 



From these results we can state the following conjecture: 
Conjecture 2.1. There exists a Wiener process for the Ricci flow of a Riemannian manifold 

This conjecture implies that one can modify Perelman iL-length functional, in a way to obtain the 
corrections to the heat equation for the metric, able to reproduce the full Ricci flow. These modifications 
should grant the existence of the corresponding Wiener integral. 
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